ABSTRACT. The existence of traveling waves for laminar flames with complex chemistry is proved. The crucial assumptions are that all reactions have to be exothermic and that no cycles occur in the graph of the reaction network. The method is to solve the equations first in a bounded interval by a degree argument and then taking the infinite domain limit. 0. Introduction. In this paper we establish the existence of traveling waves for premixed laminar flames with complex chemical networks. We consider the case of vanishing Mach number i.e. the flame speed is much smaller than a typical gas velocity.
0. Introduction. In this paper we establish the existence of traveling waves for premixed laminar flames with complex chemical networks. We consider the case of vanishing Mach number i.e. the flame speed is much smaller than a typical gas velocity.
The resulting equations were solved by H. Berestycki, B. Nicolaenko, B. Scheurer [1] for a single step irreversible reaction. Here we discuss a class of exothermic acyclic chemical networks. In [2, 3] P. Fife and B. Nicolaenko used a somewhat weaker condition on the network than ours for a formal asymptotic analysis in the limit of high activation energy. For mathematical reasons we can only handle the case of exothermic, i.e. irreversible reactions.
In the first section we introduce the notations and derive the traveling wave equations from the thermodynamic conservation laws. In §2 these equations are solved in a finite domain by a mapping degree argument and then shown to converge in the infinite domain limit.
The third section treats some examples to which the existence theorem can be applied. Notice that c disappears after scaling.
Introduce the reaction vector V¡ = (¡iXj -vXj,..., pnJ -vnj) and let K¡ = (Q¡, Vf). Now (1.3) may be written in the vector form
where D = diag(i/0,..., d") and F = (F0,..., F"). For a detailed formal derivation from the thermodynamic conservation laws see [5] . As boundary conditions we prescribe T~= T(-oo) > 0 and Y~ = Y¡(-oo) > 0 where not all Y~ vanish.
Since we consider only exothermic reactions U~ is in general not an equilibrium point of (1.4), i.e. F(U~) =£ 0. Therefore we introduce an artificial ignition temperature 6 > T and redefine F(U) as 0 for F < 6. This cutoff of F is discussed in [1] . F is now discontinuous and (1.4) should hold in the following sense F(Uis))ds.
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Given U~ we seek a positive solution of (1.5) for some c and U+. (ii) The ignition temperature 6 should satisfy 0 < 6 -Uq < R where R is a constant which depends only on U~ and Kj.
(iii) The reaction rates have the form Remarks on the assumptions, (i) guarantees the positivity of at least one reaction rate.
(ii) is needed for the estimate of c from below. It is also reasonable to choose 0 -Uq small to diminish the cutoff error in to .
(iv) yields the monotonicity of U0, which implies the existence of lim x^xU(x).
(v) gives a priori bounds for U.
(v) is equivalent to the following (see Proposition 6): a-^ 0 and Ey=1a,K g R"+0 imply a. = 0. In [2, 3] the weaker condition Y.rj=xajVj = 0 is used for an asymptic analysis at high activation energy. But the network ,4->2R; B -> 2 A shows the nonexistence of a boundary condiiton U+ with the necessary conditions (2.2), (2.3). Reaction cycles are characterized by the existence of a¡ > 0 where not all a, vanish, s.t. T,j=xa-Kj = 0; but the latter is excluded by (v). This seems reasonable because we consider only exothermic reactions.
Further remarks, (a) Besides positivity and differentiability for U0 > 0 we need no condition on the temperature dependence of the reaction rates a,.
(b) If U~ is given U+ is in general not unique (compare the examples in §3). Also if only one U+ is possible no uniqueness of c or U+ is asserted.
Summary of the proof. (1.5) is first solved in a bounded domain with "false" boundary conditions to insure that the temperature is monotone increasing. A priori estimates establish the infinite domain limit. The monotonicity of U0 gives the existence of lim^^xU(x) = U+ with the properties in (2.2), (2.3). Solution in a finite domain. In the interval (-a, a) we seek a positive solution of This will imply U¡(x) > 0 and U¿(x) > 0. First we show that for a solution of this problem the discontinuity of F(U) occurs only once. Proposition 1. Let U g C'((-a, a)) be a nonnegative solution of (2.4), (2.5) and c > 0. Then U()(x ) = 0 for some x equivalent to x = 0.
Proof.
(7o(0) = 0 < f/("+ implies the existence of a maximal x0 g [0, a) with U0(xQ) = 0. Since for x > x() U(x) is C2((x0,a)) and not constant the strong maximum principle [6] applied to (¿/"(t/)<_/"')' -cU¿ < 0 gives
Suppose another xx < x0 with U0(xx) = 0. Because of (2.8) xx may be chosen maximal and U0(x) < 0 holds in (xx, x0). From F(U(x)) = 0 in (xx, x0) it follows that U0(x) = 0 in (xx, x0), a contradiction. D By shifting U0 we may assume 0 = 0 and U0~ < 0. According to the proposition the problem is reduced to finding a function U a C2(I,R"+1) in the interval / = (0, a) such that
Next we construct a compact operator, whose fixed points are the solutions of (2.9). Proof. Take $lR X (c,c) as above. By Proposition 2, deg(id0 X(ç,î)-^î('> ')) with respect to (0,0) G C1(I) X R is independent of /. The degree of id -K0 is easily seen to be 1. Consequently Kx has a fixed point. D
The infinite domain limit. Let (Ua, ca) be a solution of (2.9) in (0, a). According to Proposition 2 there exist R,c > 0 such that \Ua\ci((0 a)) < R and 0 < ca < c independent of a for a > afí.
It remains to bound ca from below independent of a. Proof. In the proof we omit the subscript a. Since U¿ > 0 and F0(U) ^Owe get from (2.9) f F0(U(s)) ds < c(U(; -U0), 0 < aU¿ < d0(U)U¿ < c(UiX+ -U0~).
This yields with UQ as the independent variable 'US Ia F0iU(UQ))dU0^C-(U7--UQ)2. This examples shows that uniqueness of U+ depends also on U~.
4. Concluding remarks. The essential restriction in the existence theorem was that all reactions have to be exothermic. It would be desirable to treat also reversible reactions, for they are present in any realistic combustion process. The effect would be that the final temperature and the flame speed would decrease. This can indeed be proven for a reversible one-step reaction with equal diffusion rates. In general the temperature will not be monotone. But this monotonicity was essentially used in this work. Therefore our method does not apply in this case. Whether there exist travelling waves then depends on the relative magnitude of forward and backward reaction.
